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In the paper on the origin of gravitation, we postulated separately that Hilbert space and space
are granular with one universal granularity L, extending Palmer’s Rational Quantum Mechanics.
We derived Newton’s constant and Einstein’s equations, and pinned L at two scales, galactic and
cosmological. Here the two axioms become one postulate: a qubit is a record of marks, one at each
cell of a ring of L Planck cells, and a state of N qubits is N records on the same cells, read jointly.
Its fraction m/L of +1 marks is a Born probability and its cyclic position a phase, one step of phase
being one cell, a full turn one circuit. The ring is the register of the title. Placing the ring on a
great circle of the cosmological horizon, as before, gives L = 2R /¢p =~ 6 X 10%1. Momentum is
quantized at i/Ra; a state spread over all 2N outcomes of N qubits needs cells for each, 2V < L,
at most |log, L| = 205, whatever realizes them. Along a direction, light moves one cell per tick,
velocity is v/c = 2m/L — 1, and matter at rest reverses every quarter Compton period, its clock
Palmer’s hidden global phase; several particles in several planes need three dimensions, a count
derived elsewhere. Predictions: the qubit ceiling, a random circuit and its inverse failing beyond
205 logical qubits, constant A, no energy-dependent light speed, and, unlike collapse models, no

intrinsic matter-wave decoherence.

I. INTRODUCTION

A qubit is a point on the Bloch sphere,
[h) = cos & [1) + e sin § |-1), (1)

and in standard quantum mechanics every point is a
state. Rational Quantum Mechanics (RaQM) [1H3, [5]
keeps the Schrodinger equation and the Born rule but
admits only those points, and only those measurement
bases, for which
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with m € {0,...,L}, n € {0,...,L — 1}, and L a large
integer. A quantum state is then not a point on a contin-
uum but a point of a very fine grid, and L is how fine the
grid is. Palmer represents such a state as a string of L
bits: the fraction of +1 bits is cos?(#/2), and rotating the
string by n places is the phase [2]. Niven’s theorem [20]
says that cos « and /27 are simultaneously rational only
for a handful of angles, so Eq. forbids the pair of
counterfactual settings a Bell inequality needs, which is
Palmer’s Impossible Triangle Corollary, and Bell’s theo-
rem no longer implies nonlocality [T}, B].

A state of N qubits spread across its Hilbert space has
2N outcomes, and with probabilities read as frequencies
over L trials there is a largest N for which such a state
can be written at all, Nyax ~ logy L [2]; the bit count
2N+1_92 < NL, Eq. (10) of Ref. [5], is a weaker condition.
In Palmer’s version L is a property of each qubit, set by
its mass and energy, and ranges from 104 to 10109,
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In a previous paper [6] we made two changes and called
them axioms: L is a single constant of nature, and one
step of quantum phase, 27/L, is one Planck length {p =

AG /¢ on a great circle of the cosmological horizon at
Rp = \/3/A = 1.66 x 102 m [53),

2T RA

lp = 7 (3)
From the two, Newton’s constant follows by Verlinde’s ar-
gument [50] with the pixel fixed, Einstein’s equations by
Jacobson’s [31], rotation curves flatten at ag = ¢?/L{p,
and GA = 1272¢3/hL%.  Milgrom’s ag [51, 52] gives
L = 4.6 x 105! and the observed A gives 6.4 x 105!, agree-
ing to a factor 1.4; both lie below every per-qubit value
in Palmer’s range.

Equation equates the granularity of two things in-
troduced as separate, Hilbert space and space. Ref. [6]
deferred to a separate paper the unification of its two
axioms and the extension of the first to continuous vari-
ables; this is that paper. It takes the identification, with
the horizon withheld, as its only postulate and draws out
what it contains: a step that turns a phase and moves
a length at once, whose repetitions close on a ring of L
Planck cells. The first axiom follows, the rational grid
with L universal; the second, placing the ring on the cos-
mological horizon, is taken over here, Sec. [V] where it
gives L its value, and Ref. [I7] derives it from the same
discreteness with one postulate more, that a direction is
the state of one qubit. Palmer’s phase step is what the
step does to the slowest wave the closure admits, and
the count of steps that close is L. Read for a qubit, the
rotation is a phase; read for a particle, a translation; for
light the two are one thing at every Planck tick.

Section [[T states the postulate and derives from it the
first axiom of Ref. [6]. Sections [[I]] to [V] draw what fol-
lows from the step alone, with no direction chosen: its
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algebra and momenta, the capacity of the register, and,
with the ring on the horizon, the quantities the horizon
fixes. Section [V]] fixes a direction, where light, matter,
and velocity appear and position in whole cells is one-
dimensional; Sec. [VIC|says how far that reaches, several
particles in several planes needing a three-dimensional
space that the paper does not construct and whose di-
mension Ref. [I7] derives. Section states what is
predicted and what would falsify it, and Sec. [VIII] what
the placement assumes and what no register holds.

II. ONE DISCRETENESS

Postulate. The granularity of state space and the
granularity of space are one discreteness. Fvery qubit is a
record of marks, one to each cell of a ring of L cells, each
cell one Planck length and one Planck time, each mark
+1 or —1: the fraction of +1 marks is a Born probability
and the cyclic position of the record is its phase, so that
one step of quantum phase is one cell and a full turn of
phase is one circuit of the ring. The global phase of a
state is hidden: no law depends on it, and the dynamics
does not expose it.

Phase is cyclic and space is not, so it is the phase
that closes. A full turn returns a phase to itself, and the
postulate says what that turn costs in cells. L is their
number: the cells in the ring, the marks in a record, and
the steps in a full turn, since a record of L marks has
L cyclic positions and one step carries it to the next.
The second sentence read for the marks is the rationality
condition of the first axiom of Ref. [0], Sec. with the
universality clause a consequence, Sec. [[I A} read for the
phase it is that paper’s second axiom with the horizon
withheld and the Planck time added; the third sentence
is new. Nothing else is assumed. Where the ring lies,
and so how large L is, the postulate does not say: Sec.[V]
places it on a great circle of the cosmological horizon, the
second axiom of Ref. [6], which Ref. [I7] derives from this
postulate and one more.

The postulate in plain words.

One discreteness. Two things in physics are grainy
for reasons usually thought unrelated. Quantum phase,
on Palmer’s account, comes in a smallest step rather
than varying continuously; and space, on holographic ac-
counts [46], [47], carries at most one degree of freedom
per Planck cell of its boundary. The postulate is that
these are not two facts but one, and that the single grain,
looked at one way, is a turn of phase and, looked at the
other, a movement through space.

A qubit is a record of marks on the cells. What
a qubit is, on the postulate, is a pattern of +1 and —1
marks around a ring of L Planck cells, one mark to a cell.
The fraction of +1 marks is its Born probability and the
position of the pattern around the circle is its phase; a
qubit that could not be so written does not exist, and
neither does a measurement whose outcomes could not
be. A state of N qubits is IV records on the same cells,

N L marks read jointly, Sec. [[IC] and is not a qubit.

One step of phase is one cell. The Planck length,
1.6 x 1073% m, is the shortest distance with operational
meaning, and the cell is space’s grain at that scale. The
clause says the smallest turn of phase and the smallest
cell of space are the same grain counted two ways, so that
asking how many steps make a turn is asking how many
cells make the ring. It also says the grain is a Planck
time as well as a Planck length, {p = ctp, which is the
tick of the dynamics of Sec. [V]]

A full turn of phase is one circuit of the ring.
Phase returns to itself after 27; the clause says that re-
turn corresponds to going once around the ring. Nothing
here says space closes on itself. What closes is the phase,
and the ring is what its closing costs. Because the expan-
sion of the universe is accelerating, every observer has a
sphere of radius R ~ 1.7 x 10%% m beyond which nothing
can ever be seen, and Sec. [V] places the ring on a great
circle of it, the largest circle it has.

The global phase of a state is hidden. Every
quantum state carries an overall phase that no measure-
ment reads; that much is ordinary quantum mechanics.
The postulate adds that it stays hidden: the phase ad-
vances, at the rate Sec. [VIB] gives, but no law depends
on it and nothing the dynamics does exposes it. A state
of several records read jointly, Sec. [[IC] has one global
phase; the relative arrangement of its records is its cor-
relations, and it is data. Without this clause the gauge
argument of Sec. m is incomplete, since a step with
no privileged starting place still leaves open whether a
state’s phase is referred to anything outside it, and the
clause says it is not.

A. What follows from counting

Four things follow before the ring is placed anywhere,
and with them the first axiom of Ref. [6]: the universal-
ity it stipulated; the phase step; the momenta; and, in
Sec. its rationality condition, Eq. .

Universality. L is the same for every system. The cell
is a Planck length, and no system has a cell of its own;
one step of phase is one cell, so the phase step is the same
for every state; and a full turn is 27 for every state, so the
number of steps in a turn is one number. A system with
its own L would need its own cell. This is the universality
clause of the first axiom of Ref. [6].

The postulate speaks of the granularity of space, so it
assumes one cell for everything; universality of L is then
a consequence and not a further assumption. A Planck
length that differed from system to system is a proposal
nobody makes; an L that differs from system to system is
exactly Palmer’s, set by a system’s mass and energy and
ranging from 10% to 10'%, and is what the first axiom
of Ref. [6] had to contradict outright. Identifying the
two granularities makes that contradiction unnecessary:
Palmer’s L cannot vary with mass and energy while the
cell it is identified with does not.



The phase step. L steps make a full turn, so one ad-
vances a phase by

2

which is Palmer’s phase step, and his operator (, a cyclic
permutation of an L-bit string, is one application of the
step [2], written X in Sec.

Momenta. A plane wave e?*/" advances in phase by
plp/h across one cell. The phase difference between two
cells is a whole number of steps, the postulate’s grid, so
by Eq. that advance is 2mk/L for an integer k, and

2mhk hk
pe= T = 1 %)

and momentum is quantized in units of h/L{p; what is
cut off is wavelength and not space, for no wave is longer
than the ring. The wave with k = 1 advances by exactly
one step per cell: Palmer’s unit is the step of the longest
wavelength there is, and its wavelength is the ring, L{p.

B. The grid

A record has L marks, so its count of +1 marks runs
over L + 1 values, and read for a qubit that count is
the Born probability. A qubit’s latitude cuts the Bloch
sphere into two caps whose fractional areas are cos?(6/2)
and sin?(/2); partition the sphere into L equal-area
bands, whose L+1 boundaries are the values of the count,
and a state m bands from the |—1) pole has

COSQgZ%, COS@ZQTm—le(@, (6)
since equal areas are equal steps in cosf by Archimedes’
theorem. The shift is the azimuth: L steps make a full
turn, so

2.2 @

m

Together these are Eq. , Palmer’s rationality condi-
tion, with L the cell count of the ring, universal by
Sec.[[TA} it follows from the postulate rather than stand-
ing beside it.

The two conditions are independent, # and ¢ being
separate coordinates, so a permitted count may be com-
bined with any permitted shift and the permitted set
has of order L? points. Niven’s theorem [26], 27] does not
bear on that pairing. It constrains a single angle, for-
bidding cos« and «/27 to be rational together at more
than eight angles, and in RaQM what it constrains is the
angle between two measurement settings.

Equation is read on the Bloch sphere in two ways:
as the positions a state may occupy, and as the directions
a measurement may be set to. Palmer’s Bell results are
of the second kind, and turn on a setting being freely
choosable; they are inherited here and not re-derived.
The register’s own qubit is of the first kind, and Sec. [V]]
identifies it.

C. Records

A qubit is a record: L marks, the count m of 41 marks
giving Eq. @ and the cyclic position giving Eq. @, and
the L cells it is written on are the ring’s, one mark to
a cell. The cells are the orbit of the step: applying the
step, written X in Sec. [[TI} carries each to the next and
L applications return it, so they are the L elements of
Z1,. The L cells with the records written over them are
the register.

Several records are several strings over the same L cells,
as several functions share one domain without sharing
values, so a cell carries one mark of each and nothing is
used up by the writing. The cells are a domain and not
a medium, which is why the number of records is not
bounded by L. The construction takes the records to be
written on one ring; how records on different rings, the
directions of Ref. [I7], are read jointly is the bulk state
of Sec. [VIC] which this paper does not construct.

Correlations are written the way Palmer writes
them [5], by reading records jointly, cell by cell. Read
the first record plainly and its fraction of marks is its
marginal. Read the second on the cells where the first
reads +1 and on those where it reads —1: each set is
a block, and its length is L times the probability of the
branch it reads. A block’s fraction of marks is the con-
ditional, on the grid of the block’s length. The position
of its pattern on the ring, taken against the same ori-
gin as every other pattern, is the conditional phase: the
phase of the record on that branch, which quantum me-
chanics reads by selecting the branch and interfering the
rest. Two records have four conditional phases with one
relation among them, and each order reads three, which
is what the state has; for N records each order reads
2V — 1. Read the kth on the cells reading each branch
of the records before it. The joint probability of an out-
come is then the fraction of cells reading it, a multiple of
1/L, and it and the conditional phases are the same in
every order, so the order in which the records are read
is a choice of coordinates. Equation holds of each
record as a whole, its total count the marginal. The
arrangement of a record read jointly is therefore not the
arrangement of the same record read alone, and Palmer’s
single-run form is the latter.

A block need not be a branch. It is a set of branches
on whose cells the same fraction is written, to the reso-
lution each branch’s cells allow. The branches it gathers
are those on which the earlier records satisfy one value
of whatever the conditional depends on. For a product
state that is nothing, and the kth record is one block.
For a stabilizer state it is a parity of earlier marks. For
a state whose correlations decay it is the marks within a
correlation length, since a record whose effect on a con-
ditional is below one part in the block’s length does not
segment it on the grid. For a state whose every condi-
tional depends on every earlier record with no rule the
marks can be read by, it is the branch itself, one block
for each. Two branches whose conditionals are merely



close are not one block: a conditional that depends on
the whole branch is the count on that branch’s own cells,
and pooling cannot supply it. Every joint distribution
is written this way, entangled ones no less than product
ones, so IV records carry an arbitrary joint distribution of
N qubits and the correlation lies in which cells are read
rather than in any structure beyond the marks. The
blocks shorten with depth, to L times a branch’s prob-
ability, of order L/2F~! for a state spread evenly, and
that is what Sec. [[V] counts. Nothing here needs L to
be even or a power of two: when 28! does not divide
L, the nearest permitted state has blocks that differ by
one cell, and every branch still needs a cell, so the bound
of Sec. [[V] is unchanged. Which arrangements of marks
yield a given set of conditional phases is not constructed
here; the counting of Sec. [[V] needs only the cells. A re-
labeling of the cells common to every record leaves every
count and every relative position unchanged, so the ori-
gin is a choice of coordinates, the hidden phase of the
postulate; what is data is the fraction of marks in each
block and where the patterns sit relative to one another.

D. What is assumed and what is taken

Assumed are A, ¢, the numerical value of ¢p, from
which G = (%¢3/h is derived in Ref. [6] rather than
the reverse, and the postulate. Taken from Ref. [6] is
the placement of the ring on the cosmological horizon,
Sec.[V] which that paper postulated and Ref. [I7] derives.
Nothing is taken from RaQM: its rationality condition,
Eq. , and its reading of the Born probability as a fre-
quency of marks [2] are the postulate’s second sentence
read for the marks, Sec. [IB] Taken from quantum me-
chanics are the Hilbert space and, for matter, the Dirac
mass term, Eq. . The dynamics of Sec. is the
postulate’s own, since the step is a Planck length and a
Planck time and light crosses one per tick.

The integer L plays three roles, and the postulate is
why they are one number rather than three: it is the
order of the step, so the length of a record; it is the
number of cells around the ring and, once the ring is
placed on the horizon in Sec. [V} of pixels around a great
circle, equivalently the number of Planck times light takes
to go once around; and, once a direction is chosen in
Sec. [V1] it is the dimension of a free particle’s orbital
Hilbert space.

III. THE ALGEBRA OF THE STEP

Under the Schréodinger equation the phase of a mode of
energy F advances by E dt/h. Palmer’s ¢ advances it by
27 /L. Schrédinger evolution, in Palmer’s representation,
is therefore the string of a mode of energy F rotating at

EL
n = Py steps per second, (8)

and in a superposition each mode’s string turns at its
own rate, the differences between rates being the phases
that show; a single mode’s rotation is the hidden phase
of Sec.

One cell is one Planck length and one Planck time,
{p = ctp, by the postulate; the step has one unit and
¢ converts it. Write X for the step. On the L cells of a
record it is the shift |j) — |7 + 1), and since a cell is a
Planck length it is a translation,

X[j) = |j+1) = e Ptr/hj), (9)

which defines momentum with no continuum limit: mo-
mentum is what generates the step. Its eigenstates are
the plane waves

- 1 2mijk/L| ;
|%>=ﬁzj:6 "13), (10)

with —L/2 < k < L/2, whose eigenvalues return Eq.
in operator form: the phase advances by 2w/ L per cell, a
permitted phase with n = jxk (mod L), so p, = hx/L{p
as before. The mode v = 1, of wavelength L{p, the
ring, carries the smallest momentum there is. The
states whose phase advances by a permitted amount per
pixel are the momentum eigenstates; the phase step is
the momentum quantum h/L¢p; position and momen-
tum each take exactly L values; momentum is bounded
at the zone edge 7h/fp; and the phase-space cell is
Lep - (2rh/lp)/L = h.

IV. CAPACITY

Let Z|j) = e*™/L|j). Then ZX = e*>™/LXZ, the
finite Weyl relation, and Egs. @D, are Schwinger’s
finite quantum mechanics on Zj, [7HI]. A state on N,
cells occupies at least L/N, momenta [I1], so Az Ap >
(Nlp) - (L/N,)(2mh/Lep) = h, and in variance form
it is h/2 for {p < 0 < LLp [I0]. Palmer reaches the
same bound by averaging the spin relation over points
uniform in cosé [5]; that measure is the count and this
bound comes from the shift, and the two derivations are
the register’s two operations applied to one relation.

The Hilbert space spanned by the L cells has dimension
L. The capacity of the register is fixed by room and not
by bits. Read jointly, IV records give at each cell one of
the 2%V joint outcomes, and the probability of an outcome
is the fraction of cells reading it. A state spanning its
Hilbert space gives every outcome a nonzero probability,
so every outcome occupies at least one cell, and

Niax = |logs L], (11)

205 at Leos = 6.4 x 10°" and 204 at Lga = 4.6 x 10,
the cosmological and galactic determinations of Sec. [V]
Branch by branch it is the same condition: a conditional
strictly between 0 and 1 needs two cells, and the last
record has 2! branches. The bound is exact, and it

2N <1,



is a ceiling any representation must respect and not a
construction that attains it, which is the direction a fal-
sifier needs. Its softness is in resolution rather than in
the integer: a branch of two cells holds a conditional of
one half and one of two phases, so a state whose deepest
conditionals and phases must be told apart to one part
in 7 needs r cells to a branch, 2V 17 < L, and the ceiling
falls by log,(r/2). With L known to a factor 1.4 besides,
the ceiling sits between 203, for three bits of resolution,
r = 8, and 205. What the argument fixes is the scale,
logy L, and that the ceiling is the same for every physi-
cal realization; the integer within it is not fixed to better
than a unit, and nothing below turns on which.

It is the number of blocks and not the number of
records that Eq. constrains, and that difference is
its entire content. A product state has one block per
record, and the bound asks nothing of it at any N, as it
must not for [+)®V. A stabilizer state has at most two
blocks per record, one for each value of a parity of earlier
marks, its conditional 0, 1, or one half, and a state whose
correlations decay with a length ¢ has of order 2. So a
fault-tolerant code, a Slater determinant, a condensate,
a nucleus, or a crystal clears the bound by scores of or-
ders of magnitude, and the register limits neither how
much matter exists nor the size of a code. What fills the
last record with 2V ~1 blocks is scrambling, a state whose
every conditional depends at order one on every earlier
record, which is what a random circuit produces once it
anticoncentrates, at a depth logarithmic in N [25]. No
open system holds such a state, since a system entangled
with its surroundings is described by a mixed state and a
mixture costs no room beyond what its members need; a
closed chaotic system isolated for a scrambling time does,
which is what a quantum computer is. The one natural
object that appears to exceed the bound, a black hole, is
taken up in Sec. [VIII}

Palmer’s bit count, 2¥*! — 2 < NL, gives 212 at
Leos [B]. It charges the NL marks one bit for each real
parameter, but what stops a state being written is not
a shortage of bits: a record of L cells holds at most L
bits whatever is on it, and a record whose L blocks hold
one cell each uses every bit and spans nothing, its condi-
tionals all 0 or 1. The constraint is room, two cells to a
branch, so the 205 stands and the 212 does not. Ref. [6]
gave Npax ~ 205 from log, L and quoted the predic-
tion as about 200; it also called the bit count the exact
criterion and inverted a measured Np.x into G through
it. The inversion keeps its form, Eq. bracketing
L between 2Nmax and 2Vmext1l  Equation counts
outcomes and not the systems that produce them, so a
Hilbert space of any dimension D spread across its out-
comes obeys D < L, for bosonic modes as for qubits.

V. THE HORIZON

The cells close in a circuit of circumference L{p and
radius Lep/2m. The second axiom of Ref. [6] places it on

a great circle of the cosmological horizon,

1272
Sl (12)
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which is Eq. . The postulate does not contain the
placement and this paper does not derive it. Ref. [17]
does, from the postulate together with one more, that
a direction is the state of one qubit, under which the
directions of space are a qubit’s sphere of states, a two-
sphere of this radius. Here the placement is taken over,
and it is what gives L its value, 2rRp /¢p. The identifi-
cation is one of structure, the same Zj under a qubit’s
phase and a horizon great circle; this paper does not need
a laboratory spin’s azimuth to be a place on the sky, an
identification Ref. [I7] makes as its second postulate. Sec-
tion [[TA] gives the axiom its content: the circumference is
the wavelength of the slowest wave the step admits, so the
second axiom says that the longest wavelength available
to a free particle is the circumference of the cosmological
horizon. With the placement the momentum quantum
h/Llp is /Ry = 6.4 x 1075 kgms~! and the energy
quantum g9 = fic/Ry = 1.2 x 10733 eV, which is h di-
vided by the lap time Ltp = 27Rp/c = 3.5 X 1018 s and
27kp times the Gibbons-Hawking temperature [49].

The two determinations of L are the two scales on
which this circuit appears: from the horizon, 2w Ry /{p =
6.4 x 10%; from galaxies, ¢?/aglp = 4.6 x 105! using
ag = c2/Llp of Ref. [6]. Only the product Lfp enters
ag, so their agreement to 1.4 is Milgrom’s ag =~ 02/27rRA
restated; a derivation of ag from the circuit alone would
make the placement a prediction, and we do not have
one.

The horizon has A/¢% = L?/r pixels, a register being
the L along one great circle, and its Bekenstein—Hawking
entropy [48] is
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the value of Bousso’s N-bound [28] [30], which is the
empty de Sitter horizon entropy written as mR3 /(%.
Equation is that number with Ry = L{p/2m, an
identity and not a derivation; what the register adds is
that the integer fixing the log-dimension of a static patch
is the L that governs the qubit, Banks’ proposal that pos-
itive A and a finite Hilbert space go together [34] with
its integer named.

VI. CHOOSING A DIRECTION

The step translates, so it has a direction, but noth-
ing so far has required one to be named: the algebra of
Sec. [T} the bound of Sec. [[V] and the horizon quantities
of Sec. [V] are the same along any direction. Dynamics
is where a direction must be fixed, because a direction
and its reverse make a line, and it is on a line that light
has two components and matter has a chirality. Fix one.



Section [V] placed the ring on a great circle of the hori-
zon, and every great circle has the same circumference,
so which one the direction selects changes nothing and
L is unaffected. Along the direction the same Zj, carries
the momenta « of Eq. (L0), and the basis |j) conjugate to
them is what position in whole cells means below: a co-
ordinate on the register, periodic with the circumference
because no wave is longer, and not a pixelation of the line.
What follows is what the postulate gives on one line; sev-
eral particles in several planes need a three-dimensional
space, which is not constructed here and whose dimen-
sion Ref. [I7] derives.

A. Light

For a massless mode FE = |p|c, so by Eq.

P P

and the phase advance per tick, E.tp/h = 27|k|/L,
equals in magnitude the phase change across one cell,
so the wave moves one cell per tick in the direction
of its momentum. The wave e!**=“%) ig invariant un-
der one cell and one tick together. In operator form,
U(tp) = e tHtr/h with H = [p|c acts as X on every
right-moving mode and X' on every left-moving one:
each tick, each component of light advances one cell in
its own direction, and a mode with k wavelengths around
the ring gains x phase steps in doing so.

A massless mode is a permitted state at every tick: its
clock and its ruler are the same step, which is the postu-
late at its sharpest. A superposition of massless modes,
a standing wave of light for instance, is also permitted
at every tick, because every mode’s phase advances by a
permitted amount per tick. A massless mode never re-
verses direction; the term that reverses direction is the
mass term of Sec. [VIB] and on the register it is the only
difference between light and matter.

E,{ = |Iﬁ:| €0,

B. Matter

Let |—) and |«) be the right- and left-moving light-
like components, the two chiralities of a particle in one
dimension, and write the state in that basis. The
velocity operator is co,, and its expectation is

(v) :c(PH—PP):c(zfm—Q = ccosf. (15)
Palmer’s count sets the velocity: in the string, the m bits
marked +1 are the right-movers and the L—m marked —1
are the left-movers, the count is the probability of moving
right, and the velocity is the excess of right-movers over
left-movers in units of ¢/L. This right-left doublet is
one qubit per particle, its chirality, the factor of two in
a Dirac particle’s Hilbert space that multiplies the L-
dimensional orbital space of Sec. [[V} the components at

each momentum are that one qubit resolved momentum
by momentum. The poles are light moving right and left.
The equator, with |—) and |«) carrying momenta +x,
is a standing wave at rest, the interference pattern of the
two components, with maxima every half wavelength; the
shift ¢ is where those maxima sit, and one shift moves
the pattern by one part in L of its period.

Mass M couples the two chiralities,

H=cpo,+ Mco,, E = ++/p?c? + M3c*, (16)
the Dirac equation in one dimension, in which the mass
term mixes the two chiralities at each momentum and the
eigenstate has cos@ = pc/E = v/c. The o, term reverses
a quantum’s direction, with angle per tick

Mc2t M
cr_ (17)

h mp

4 x 10723 for an electron, one radian per Compton time
h/Mc?. A massive particle at rest is light of Compton
wavelength running right and left in equal measure, a
right-mover becoming a left-mover in a quarter Comp-
ton period and back in the next; its rest energy is that
of the trapped light. The lattice form of this construc-
tion, a particle moving at ¢ on a spacetime lattice and
reversing with amplitude proportional to M per step, is
Feynman’s checkerboard [12HI4], whose continuum limit
is the Dirac equation; the register is the checkerboard
with the spacing set to £p. In operator form the tick
with mass is

U(tp) = e~ "M/mp)os xo= (18)

the massless tick of Sec. [VIA] followed by the rever-
sal of Eq. . For plp < h and M <« mp it is
1 — (itp/h)(cpo, + Mc?o,), which is Eq. ; its exact

eigenphases obey
("2, n

(¢0)] ( E]:P ) = COSs

which is E = |p|c for M = 0 at every momentum, and
Sec. [VI]] gives its expansion for matter.

Two consequences follow. First, the right-left read-
ing of matter is a permitted setting only at intervals, the
state itself being permitted at every tick. Equation is
read in two ways, Sec.[[IB} a mode of definite momentum
is a record at every tick, its pattern that of Eq. and
its only advancing phase global and hidden, and what
the grid constrains is the setting in which its right—left
qubit may be read. Under Eq. the right—left qubit
of a state of definite momentum turns about the axis
i = (Mc?,0,pc)/E of the Bloch sphere, the z axis at
rest, at the rate 2F/f. The grid of Eq. , rational cos 6
and rational ¢ /2, is invariant under rotations about z by
permitted angles and under rotations by 7 about equa-
torial axes at permitted azimuths, which send (6, ¢) to
(m — 6,2c — ¢), and not under a rotation about 7 by a
general angle. One tick of the mass term therefore takes




a right—left superposition written on the grid off it, and
the right—left reading is not a permitted setting until it
returns. At rest 7 is equatorial, and the reading is per-
mitted again once the Bloch vector has turned by «, after
7wh/2Mc?, a quarter Compton period, which is the time
for a right-mover to become a left-mover. The register
catches the direction of matter the way a stroboscope
catches a wheel, only at the instants a spoke is at the
mark.

In motion 7 tilts out of the equator, the half-turn lands
off the grid, and the return waits for the full turn, 7h/E;
the eigenstate itself, with cos@ = pc/FE, is never on the
right—left grid, so the velocity +c of a moving massive
particle is not a permitted reading at any tick, while its
mean velocity pc?/E, an orbital quantity, is. A superpo-
sition of momenta returns to the grid as a whole only if
its spectrum is commensurate, which the register’s own
dispersion, Eq. , is not, apart from exceptional mo-
menta: a wave packet of matter never returns to the grid
as a whole, each component returning at its own time.
In the nonrelativistic limit, p?/2M on the ring, the spec-
trum is commensurate and every phase is again a permit-
ted step after M L¢2% /mh, 4.6 x 107° s for an electron; a
nearest-neighbor hopping dispersion never returns at all,
by Niven’s theorem.

None of this touches L: the momentum quantum,
the zone edge, and gy are kinematic statements about
the ring; the capacity follows from Born’s rule; all are
the same for every dispersion; and L itself is frame-
independent because every observer’s horizon has the
same radius. What the register does not settle is the
Lorentz invariance of the lattice: a lattice of cells picks
out a frame, the checkerboard recovers Lorentz invari-
ance only in its continuum limit, and Palmer defers the
question to future work [5].

Second, the global phase of a massive mode at rest runs
at Mc?/h, which is McLlp/2mh ~ 4 x 10%® steps per
tick for an electron. That rate is not itself the obstacle;
a photon of Compton momentum has the same phase
rate and moves one cell per tick. The obstacle is that a
global phase has no gradient: it advances by the same
amount at every cell, so it displaces nothing. In Palmer’s
construction the global phase is £, a permutation with
its origin fixed at creation and hidden [5]. The register
says why it must be: £ is the part of the rotation that is
not motion, the particle’s internal clock, and a uniform
phase is invisible to every relational observable.

C. Beyond one line

The two-mode results hold in any number of dimen-
sions, since a superposition of k; and ks depends on po-
sition only through Ak - x, and the translation reading
holds as written for collinear modes. Beyond that the free
dynamics is planar and exact in the mode basis. A pla-
nar mode, labeled by its magnitude x and its direction,
advances |k| phase steps per tick whatever its direction,
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so a wave moves one Planck length along its own k per
tick. A massive mode along k carries its right—left dou-
blet along k and obeys Sec. in that direction.

The two-mode dictionary of Sec. [VIB] holds for any
pair of modes in any dimension: the count is the prob-
ability of one mode, and one shift moves their interfer-
ence pattern by one part in L of its period along Ak.
What is one-dimensional is only the whole-cell version of
that reading: one cell of translation is a whole number of
shifts when |Ak| is a multiple of 27/ L{p, which it always
is along the ring and, Pythagorean pairs aside, is not for
non-collinear modes.

Every elementary process is planar: two colliding mo-
menta span a plane; a vertex’s three momenta, three legs
being what Ref. [17] derives, sum to zero and lie in one;
and a boost within the plane keeps them there. A pla-
nar momentum is a ring mode for its magnitude and a
point on one great circle for its direction, L? labels, and
the horizon has L?/7 pixels; to within 7 the horizon as
it stands labels the momenta of every elementary pro-
cess. A state of several particles in several planes needs
of order L? labels, and the degrees of freedom the hori-
zon affords it number L?/4rw, Eq. (13). That number
does not compete with Eq. and is not commensu-
rable with it: the first counts degrees of freedom that
exist, the second the outcomes to which one pure state
can give cells, and nothing requires a state to occupy ev-
ery degree of freedom that exists. How such a bulk state
is written on the horizon is the open problem of de Sitter
holography [29] [44], 45], which this paper does not ad-
dress, and interactions are constructed in no dimension
here. Ref. [I7] adds a clause on the phase the step carries
across each link between cells; the interaction it admits
emits or absorbs a massless quantum, and decays of mat-
ter are left to a later paper. Gravity is untouched: the
Jacobson and Verlinde routes of Ref. [6] need only the
pixel on every screen, never a state.

VII. PREDICTIONS AND FALSIFIERS

The register inherits the predictions of Ref. [6], corrects
one criterion, and adds no test.

Inherited. The two predictions of Ref. [6] stand, since
this paper rests on the same L. First, a state written
on N records gives cells to at most L joint outcomes,
Eq. : a ceiling of about 200 usefully entangled qubits,
which Sec. [[V] places between 203 and 205 and does not
claim is attained, the log, L of Ref. [6] in place of the 212
it called exact. The ceiling holds for any physical real-
ization, M bosonic modes with photon-number cutoff n
reaching it at n™ =~ L. Operationally: run a random cir-
cuit on IV fault-tolerant logical qubits, deep enough to an-
ticoncentrate, which is logarithmic depth [25], and then
its inverse. In standard quantum mechanics the state
returns to the initial one with the gate fidelity. On the
register the return probability falls to about (L/2V)? for
N beyond |log, L|, since the intermediate state has 2V



branches and the register has cells for L. The same cir-
cuit built from Clifford gates, whose intermediate states
have at most three blocks to a record, returns at any N.
The test needs no classical simulation, only the check of
a return; no such machine exists. Second, A is constant,
so the dark-energy equation of state is w = —1 exactly,
against the DESI DR2 preference for evolving dark en-
ergy [40], which the framework predicts will not survive.

Definite, but not discriminating. Momentum is quan-
tized in units of i/ Ry and bounded at 7h/¢p. Light is
a record at every Planck tick, and the right-left read-
ing of matter at rest is a permitted setting once a quar-
ter Compton period. The settings in which any two-
mode subspace of a free particle may be read are re-
stricted by Palmer’s Impossible Triangle Corollary. The
maximum group velocity of a particle of mass M is
ccos(M/mp), reached at p = 7h/2¢p and below ¢ by
(M/mp)?/2 = 9 x 10746 for an electron, the group ve-
locity of matter vanishing at the zone edge while light’s
is ¢ at every momentum. The lattice fixes what Lorentz
violation the register entails: the tick’s exact dispersion,
Eq. (19), is E = |p|c for light at every momentum and,
for matter,

2
E2:p262+M2c4—%M2C4<p—7?> +..., (20
a fractional correction, of order (Mc?/Ep)? ~ 6 x 10739
for a proton, that does not grow with energy. The regis-
ter therefore predicts no energy-dependent speed of light
at any order and would be falsified by one; the correction
for matter is beyond any measurement. The lattice like-
wise deforms the commutator: with the lattice momen-
tum pray = (A/€p) sin(plp/h), [T, Prat] = ihicos(plp/h) ~
th[l— %(ﬁﬁ p/h)?], a generalized uncertainty principle of
the maximal-momentum type with coefficient Sy = —1/2
for one particle. Each constituent of a body carries its
own record, so for the center of mass of N of them the
coefficient is —1/2N?, the suppression Amelino-Camelia
argued any composite must show [19]. The mechanical-
resonator bounds, || < 3 x 107 [20], 5 x 10° [21], and
now 62 from a cryogenic quartz resonator [22], by the
route Pikovski et al. proposed [I§], are on center-of-mass
modes of N ~ 10%° constituents: two orders of magni-
tude above one particle’s coefficient and forty above the
body’s. Because a two-path superposition of a compos-
ite’s center of mass is one qubit whatever the mass, and
the register has no collapse mechanism, it predicts no
intrinsic, mass-dependent loss of matter-wave contrast,
in agreement with experiment to 2.5 x 10* atomic mass
units [23] and unlike collapse models. None of these can
distinguish the register from standard quantum mechan-
ics.
The register’s intrinsic scales are mp(2w/L)Y/™: 1.2 x
10733 eV, 3.8 meV, 56 MeV, and 6.8 TeV. The second is,

to a factor 1.7, the dark-energy scale pllx/ 4, which follows

from Eq. as (31/2)Y4Ep/VL = 2.2 meV, the fourth
root of the L? suppression of the Planck density counted
in Ref. [16]; the third is Weinberg’s (h>Ho/Gc)'/3 [15].

That the neutrino and the pion sit near the second and
third rungs is the set of large-number coincidences known
since Dirac, in one integer; the register offers no mecha-
nism for them.

VIII. WHAT THE PLACEMENT COSTS

Placing every register on the horizon can mean two
things. The first, that the cells have a definite orien-
tation in space, costs nothing. A cyclic register has no
pole and no first cell; both are coordinates on the Bloch
sphere, and every quantity in Eq. is relational, an
overlap of two states or a phase relative to a reference,
which Sec. [VIB]shows to be a position relative to a refer-
ence. Palmer’s Bell conditions are on angles between set-
tings [3], which are rotation-invariant; he fixes the gauge
by placing the pole at his middle setting [5], and his dis-
tinction between a nominal setting and the exact one
within it [4] says the gauge cannot be probed.

The postulate’s last clause carries this from the step
to the states written on it. Not only is there no first
cell; there is no phase reference outside a state, its global
phase being compared with nothing. Nothing in Eq.
reads a state’s global phase and no dynamics above does
either, so the extension costs nothing and closes the one
place where an unprobed convention could have passed
for data. It has no effect on the capacity: a state’s global
phase is the origin of its cell labels, which no count and
no block reads.

The second, that different observers’ horizons are the
same cells, is de Sitter complementarity [29] [32] 43H45):
distinct static patches describe one finite set of degrees
of freedom, not independent copies. The shared reading
follows from unitarity within a patch by the no-cloning
argument used for black holes [33], 42], taken over with-
out proof; whether that unitarity is consistent with a
smooth horizon is the firewall question [41], open in de
Sitter and not addressed here. Nothing in Secs. [[I] to [VI]]
depends on it. A finite Hilbert space of log-dimension
L? /47 entails recurrences and a low-entropy past that
requires explanation [43], to which Palmer’s nonergodic
Invariant Set Postulate [39] is RaQM’s response; it entails
positive A [34] and no exact asymptotic observables [35];
and finite-dimensional Hilbert spaces for quantum grav-
ity have been advocated independently [36-38].

A finite register also says what it does not hold. The
bound of Sec.[IV]is on a pure state written on one register.
An observer outside a black hole describes it by a mixed
state, whose entropy counts the records the description
ranges over, as Eq. counts them for the cosmolog-
ical horizon; Sec. [[V] counts the outcomes to which one
record can give cells, and the two are not the same quan-
tity. What the register does not admit is a scrambled
pure state above |log, L| qubits, and the pure state of
a hole together with its radiation, which unitarity of the
pair asserts and which scrambling makes generic [24], is
one. No observer’s register writes it. That is the regis-



ter’s position on the information question, recorded here
and not resolved; it agrees with there being no exact ob-
servables in de Sitter space [35].

IX. DISCUSSION

The rational states Ref. [6] took from Palmer and the
universality it had to stipulate are one statement about
one ring. A string of L cells turns at the rate its energy
sets. Counted, the pattern is a Born probability; for the
right- and left-moving components that probability sets
the velocity. Shifted, it is a phase; on the ring read as
space, one cell is a translation by one Planck length, the
slowest wave gains one step of phase, Palmer’s 27/ L, per
translation, and for light the phase and the translation
are the same thing at every tick. Mass is the amplitude
per tick to reverse direction, a particle at rest is a stand-
ing wave of trapped light, and the Compton clock is the
global phase that Palmer hides and that, having no gradi-
ent, displaces nothing. The circumference is the longest
wavelength a particle can have, and placing it on the
horizon is the second axiom with that content attached.

Less is stipulated than in Ref. [6], though not less is
assumed. Its first axiom is a consequence of the postu-
late, Eq. with L universal, since the cell belongs to
space rather than to any system in it; its second, the
placement of the ring on the horizon, is taken over here

and derived in Ref. [I7], and it is what gives L its value,
Eq. . What changes is what must be defended: a uni-
versal L no longer has to be imposed against Palmer’s
mass-dependent one, because a grain that varies with
the system cannot be the grain that does not. The other
gains are structural. RaQM'’s phase step is momentum
quantization on a closed ring, its qubit is the right-left
doublet of a Dirac particle, and its hidden global phase is
the Compton clock. Its capacity bound, two cells to every
branch of a state, is |log, L|, soft by a unit in resolution:
a ceiling of about 200 that no representation may exceed
and that holds whatever the qubits are made of. What
remains open is what was open before, the coefficient in
ag and complementarity; the three-dimensional bulk is
the subject of Ref. [I7]. Ref. [6] remains the statement
the framework rests on, its exact capacity criterion cor-
rected here. Palmer has left the discretization of space
and time to a future paper and announced work on vac-
uum energy [5]; this paper and Ref. [16] attempt those
questions with a universal L.
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